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SPECTRAL DECOMPOSITIONS OF ONE-PARAMETER GROUPS
OF ISOMETRIES ON HARDY SPACES

DIMITRI KARAYANNAKIS

ABSTRACT. Spectral decompositions of strongly continuous one-parameter
groups of surjective isometries on Hardy spaces of the disk D and the torus
T2 are examined; a concrete description of the (pointwise) action of these de-
compositions is presented, mainly in the parabolic case, leading to a complete
description of the action of the partial sum-operators of M. Riesz when carried
from LP(R) to H?(D), 1 < p < 2. The (pointwise) action of the spectral
decompositions of these isometric groups on H?(T2), 1 < p < 400, is also
examined and concrete descriptions are derived, mainly in the parabolic case.

1. INTRODUCTION

It is well known that in the general L” setting, 1 < p < +oco, p # 2
projection valued measures cannot give rise to spectral decompositions needed
in order to describe a large number of harmonic analysis phenomena. (For
definitions, see §2.)

In [1], H. Benzinger, E. Berkson, and T. A. Gillespie, adopting an abstract
operator-theoretic approach that avoids vector measures, achieved a generaliza-
tion to arbitrary Banach spaces of classical Stone’s theorem for one-parameter
unitary groups.

Departing even further from the typical setting of projection valued measures
E. Berkson, T. A. Gillespie and P. S. Muhly [5] recently developed an abstract
spectral theory for Banach spaces possessing the unconditionality property for
martingale differences, i.e. for UMD spaces (see e.g. [9]).

The following result [5, Theorem (5.5)] will be instrumental in the core of
this work:

Theorem. Let {T,}, t € R, be a uniformly bounded strongly continuous one-
parameter group of operators on a UMD space X . Then there is a unique spectral
family ¢(-) in X, called the Stone-type spectral family of {T,} ,t € R, such that
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forany teR

a .
(1.1) T =stlim [ " de(d)

a—+oo [_,

(as a Stieltjes integral, and where “st” indicates the strong operator topology of

B(X)).

In particular (1.1) is applicable to one-parameter groups of isometeries on
reflexive L”-subspaces such as H”(D) and H’(T?),1 < p < +oo, which will
be the focus of this paper.

In §3 we will obtain a concrete method for calculating the pointwise action of
e(+) in (1.1), mainly for isometric groups induced by one-parameter parabolic
groups of Mobius transformations of D, via F. Forelli’s representation [13],
on X = H?(D). To achieve this goal we will introduce a suitable norm-dense
subspace Y of H?(D) and we will employ contour integration techniques.

As applications of this concrete description of &(4), ,4 € R (Theorem (3.5)),
we will reproduce—independently, and by rather elementary means—the results
in [2] concerning &(A)H? (D) (Corollary (3.7)); we will describe concretely the
action of the partial sum-operators of M. Riesz when carried from L?(R) to
H’(D),1 < p < 2 (Theorem (3.8)), along with the action of “F. Riesz-B.
Nagy operators” (introduced in [20] and used in [1]) for the case of parabolic
isometric groups in H”(D),1 < p < 2 (Corollary (3.10)); in addition, the
inner-outer factorization of (¢(4)f)(z) for f(z) € Y, in the parabolic case and
1 < p < +00, will be examined (Corollary (3.6)) and other related features that
explore the role the above-mentioned spectral projections play in the structure
of H?(D). Finally, in §4, we will obtain the corresponding results, mainly
for the parabolic isometric group, on X = H? (Tz) ,1 < p < +o00, using the
representation of Berkson and Porta [8] and by introducing a suitable, for our
purposes, direct sum decomposition of H” (Tz) (Lemma (4.5)).

2. PRELIMINARIES

We consider the definition and standard theory of H”(D) as contained in [12,
15 and 18] to be well known, as well as the concepts of an isometry on a Banach
space X and of a strongly continuous one-parameter group of operators in X ;
by the term “operator in X ” we always refer to a bounded linear transformation
with domain the space X and range in X, and we denote the algebra of all
operators in X by B(X).

For ease of reference we give a brief account of concepts and known results
required throughout this paper.

Definition [21]. A spectral family in a Banach space X is a uniformly bounded
projection valued function F: R — B(X), such that

(i) F(A)F(u) = F(u)F(A) = F(min{A, u}) forany 1,u €R;

(i1) F(-) is st-right continuous on R;
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(iii) F(-) has a st-left limit at each point of R;
(iv) st-lim, F(A) =1 and st-lim, ,___ F(4) =0.

Definition. Let {¢,},? € R, be a family of univalent analytic maps of D onto
D such that ¢, is not the identity map for some ¢. We will call {¢,} a
(nonconstant) one-parameter group of Mobius transformatins of D if

(i) pop,=9,,,t,5€R;

(ii) @, is the identity map on D;

(iii) ¢,(z) is continuous in (¢,z) on (—oo, +00) x D.
It was shown in [7] that the set of common fixed points in the extended plane
of such an {¢,} must be

(i) either a doubleton set, consisting of a point in D and its symmetric image
w.r.t. the unit circle T (elliptic case); or (ii) a singleton subset of T (parabolic
case); or finally (iii) a doubleton subset of T (hyperbolic case). In this paper we
will focus attention only on the isometric groups induced by the parabolic and
hyperbolic {¢,},¢ € R, and we will call them, simply, parabolic and hyperbolic
isometric groups respectively.

We have the following results concerning ¢,(z) [6, 13]:

Proposition (2.1). Let {¢,},t € R, be a one-parameter (nonconstant) group of
Mébius transformations of D. Then

(a) if {p,} is parabolic there are unique constants ¢ € R\{0} and a € T such
that for t e R,z € D we have

(1 —ict)z +icta

v.(2) = —icatz + i+ ict’

(b) if {@,} is hyperbolic there are unique constants ¢ >0 and o, €T, a #

B, such that for t e R,z € D and 0,5=(z2-0a)/(z-B)

-1
9,(2) =0, 4(e"a, 4(2)).
Proposition (2.2). Let {T,},t € R, be a strongly continuous one-parameter group

of isometries of HY(D),1 < p < 400, p # 2, not continuous in the uniform
operator topology. Then T, has the unique representation

Tf =" ()" f(p,) for teR, [eH"(D)

where w € R and {¢,} is a one-parameter group of Mébius transformations of
D. Conversely for such w and {¢,} the above equation defines a one-parameter
isometric group of H”(D),1 < p < +00, that is continuous in the strong but not
in the uniform operator topology.
Remarks. (1) In the case p = 2 we examine only the one-parameter group of
isometries on H 2(D) whose action is described in Proposition (2.2).

(2) We can always select a suitable analytic branch {go;}l/ ? such that the
composition rule for {q); + ,}'/ P is valid. We standardize our notation by taking

(91(2))'"7 = exp 7 {Log(1 — p,(2)) - Log(1 - 2))
(see [6] for details).
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Following now [2, or 16], we have the following lemma on the “normaliza-
tion” of {¢,} and its corresponding {7,} as described in Proposition (2.2).

Lemma (2.3). (a) Let {p,},t € R, be as in Proposition (2.1(a)) and {n,} ,t €R,
the corresponding (parabolic) group obtained by the substitutions a =1,c = § in
¢9,(z). Let also {V,},t € R, be the one-parameter isometric group on H’ (D)
induced by {n,},t € R, as described in Proposition (2.2). Then UthUl"l =
e V,. . where U, isthe isometry on H”(D) defined by (U, f)(z) = f(az),z €
D.

(b) Let {9,}.t €R, be as in Proposition (2.1(b)) and {y,} ,t € R, the corre-
sponding (hyperbolic) group of Mébius transformations obtained by substituting
a=-1,f=1and c=1in ¢,(z). Letalso {Y,} ,t € R, be the isometric group
induced by {y,} .t € R, as in Proposition (2.2). If U, is the isometry on H” (D)
induced by the Mébius transformation of D, 6, with 6(a) = -1 and () =1,
then there are constants 6 € R and p > 0 such that VO_l TV, = ey ot

In view of Lemma (2.3) (combined with Corollary (3.18) in [2]) we conclude
that the study of the parabolic/hyperbolic group of isometries {7,}, ¢ € R,
induced by the parabolic/hyperbolic group {¢,}, as well as the study of their
spectral families, reduces to the study of the group {V,}, t € R, and its spectral
family E,(A) (resp. {Y,}, t € R, and F(1)); the above notation will be
standarized throughout the rest of the paper.

We conclude this section with some results, considered classical, which we
state without their proofs:

Lemma (2.4) [18]. (1 —z)* € H?(D) iff Rea > —1/p.

Lemma (2.5) [14]. If F € H’(D),F # 0 and 1/F € H' (D) for some r > 0,
then F is outer.

Lemma (2.6) [14]. If F € H” (D) is outer then the H”(D)-closure of sp{z"F:
n >0} isall of H°(D).

3. SPECTRAL DECOMPOSITIONS OF ISOMETRIC GROUPS ON H”(D), 1 < p < +o0

We will introduce two lemmas that will be utilized in the proof of the main
theorems to follow in §3. The first, Lemma (3.1), suggests restricting attention
to a special class of H”(D)-functions. The second, Lemma (3.2), allows us
to assert that the Stone-type spectral family of the parabolic and hyperbolic
isometric group on H”(D) (and on H”(T?), in §4) is strongly continuous, but
it is of independent interest also.

Lemma (3.1). (a) f,(z) = (1—2)'"%” isin H”(D) and is outer.
() If Y =sp{f, (z) = (1= 2)""*" ,m > 1} then Y = H*(D).
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Proof. (a) Observe that 1 —2/p > —1/p for p € (1, + o0) and also that
2/p—1>—1/r forany r >0 if l < p<2,and 2/p—-1> —1/r for any
re(0,p/(p-2)) if 2 < p< +oo. Now apply Lemma (2.4) and Lemma (2.5).

(b) It is immediate from the reasoning in (a) that f, (z) € H”(D). We can
easily also check that Y = sp{z" fi:n >0} and the result now follows directly
by use of Lemma (2.6).

Lemma (3.2). Suppose {T,},t € R, is a strongly continuous uniformly bounded
one-parameter group on a UMD space X , and let ¢(-) be its Stone-type spectral
Jamily (as in (1.1)). Suppose also that G denotes the infinitesimal generator of
the group and ap(G) the point spectrum of G. Then if for some A € R we have
that iA & 6,(G) we can conclude that &(-) is strongly (left) continuous at .

Remark. It is evident that the above lemma is applicable in particular for 7, =
V or Y, on X =H"D) or H (T?),1 < p< +00.)

t t

Proof. Suppose il ¢ 0,(G) and let x € {e(A) — e(A=)}X . By definition of
[e 1A de(4), as a Stieltjes integral in the strong operator topology, we have that
ffalde(l)x = Ax for sufficiently large a > 0. But according to [1, Theo-
rem (4.20] the domain of G is given by I, = {x € X: lim_,_ ffaids(l)x
exists } and in addition if x € &, we have Gx =lim,_, __ [? Ade(A)x. Thus
Gx = iAx and so x = 0. In conlcusion &(1) = ¢(A—) and since by definition
&(A) = €(A+) the result follows.

We are ready now to present our first theorem, whose results will facilitate
the calculations to come in the proof of the second (and main) theorem (The-
orem (3.5)).

Theorem (3.3). Let {V,} (resp. {Y,}), t € R, be the normalized parabolic (resp.
hyperbolic) isometric group on H” (D). Then

1 ellt ellt
st-lim — / —V_,dt resp. st-lim —Y_,dt
e<|t|<l/e

e—0+ I t - e—0+ e<|t|<1/e t

exists as an operator V, (resp. Y,)in H P(D) and it is involutive. Moreover if
E () is the Stone-type spectral family of {V,} (resp. {Y,}), t €R, then

(3.4) Ep(l) =4I+ V,) (resp. Fp(/l) =41(I+Y,) forany A€R.

Proof. (First notice that in the definitions of {V,},{Y,},V, and Y, the depen-
dence on p is surpressed for a simpler notation.) We will appeal to the abstract
results of [5, Theorem (5.16)] where the existence of such a limit operator, say
T,, was demonstrated for the case of any strongly continuous one-parameter
group of operators that is uniformly bounded on a UMD space. In the same
paper if &(-) denoted the Stone-type spectral family of this group then

T,=¢(4)+¢e(A)—1 forany A€R.
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It is evident that in particular for the isometric groups we deal with and on
H?(D),1 < p < 400, we will have automatically

VA=EP(/1)+EP(1—)—I (resp. Y1=Fp(,1)+Fp(/1—)—I) for any 1 €R.

But it was shown in [6, Theorem (3.1)] that the infinitesimal generator of
{V,} (resp. {Y,}), t€eR,on H P(D) has no point-spectrum. In light of our
Lemma (2.8) we conclude that

E (A)=E_ (A-) (resp. F (1) =F,(A-)) forany A€R

p

which implies (3.4). But E (4) (resp. F,(4)) is a projection on H?(D) for
any A € R which, by (3.4), implies directly that

Vf:[ (resp. Yf:]) for any 1 €R.

Remarks. (a) In [16, Theorem 1(ii)], with the aid of contour integration and
Lemma (3.1)(b) we were able to show—in a straightforward way—that Vle =
I|, to conclude that V, is involutive on H P(D) for any A € R. Then by
appealing to the formula ¢(1) = 1 +%( T,-T. f ), A € R, which is also proved in [5,
Theorem 5.12(iii)], we achieved the results of Theorem (3.3) without appealing
to Lemma (3.2) and the results in [6, Theorem (3.1)] and [5, Theorem 5.12(ii)].
On the other hand the involutive character of Y,|, in the hyperbolic case, seems
much more involved to be demonstrated only within the context of classical
contour integration.

(b) The comment in (a) and the fact that the formula V, = E (1)+E (4-)-1

is guaranteed in advance implies that simply the result Vf =1 forany A€ R
leads to the strong (left) continuity of E (1) on R. This result should be rather
expected from the standard theory of the translation groups on L”(R). On the
other hand the strong continuity of F ,(4) on R for the reasons that were men-
tioned before is highly technically involved and other means (e.g. Lemma (3.2)
etc.) had to come into play. Still this result is, again, rather natural when viewed
in the context of the translation groups theory on L”(R*) (R* indicating the
multiplicative group of the nonzero reals).

The next theorem, which is rather technical, combining the results of Lemma
(3.1)(b) and Theorem (3.3), will furnish many pleasant byproducts concerning
E p(l) ; the contour integration techniques involved in its proof were developed
in detail in [16, Theorem (1.1.1)]:

Theorem (3.5). Let {V,} .t €R,V, and E () be as defined in Theorem (3.3).
Then

(i) V,=1I for A>0;

(i1) Ep(,l) =1 for A>0;

(i1i) (Ep(/l)fm)(z) = elél(z)wm(l ,z) for A<0,z€D,

where we have set (and standardized for the rest of this paper) &,(z) = HIHa/1=2)
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for A< 0 and

g 2,1
o, 4,z Z 24
k=
for A< 0 and m > 1 (and we suppressed, again, the dependence of w,,(4,z)
on p).
Proof. 1t is evident that (i) = (ii) by use of (3.4).

(i) We use the contour & = U‘;:l [;,where [, =[-1/e,—¢], [, =c(0,¢&) (the
semicircle lying in the UHP centered at the origin and of radius ¢), [, = [¢, 1/é]
and /, = ¢(0,1/¢). Consider % travelled c.c.w. We intend to show that
V.ly =1I|, . Then by Lemma (3.1)(b) we have V, = I . We need to demonstrate,
therefore, that

1 itk
= lim — — = >

(Vf)(2) egrgl+ = A V_f)(z)dt=f,(z) form>1, zeD.
But (V,f,)(z) = {n(2)}"" £, (n,(2)) = f,,(2)d(t,2)”", where d(t,z) =1+
5(1 = z)t is the denominator of n,(z) (see Remark (2) following Proposi-
tion (2.2) as well as Lemma (3.4)(a)).

It is easy to check now that in the UHP and its boundary d(w,z) # 0
Vz € D, and thus

Twi
/ew di-w,z) ""dw=0 fori>0,zeD,m>1.
[

It can also be checked straightforwardly that
eiwl eiw).
lim [ —d(-w,z) "dw=inr and lim | —d(-w,z) "dw =0.
e—0+ A w e—0+ Iy w
In conclusion (V,f, )(z) = f,(z) for A>0, zeD,and m>1. QE.D.

(iii) In the case A < 0 we use the symmetric contour of & w.r.t. the x-axis
(in the L.H.P.), preserving the notation, as in (i), for lj , J=1,2,3,4,7.
This time % is travelled c.w. and it is clear that d(—w,z) = 0 has a root
w, = 2/i(1 — z) in the L.H.P. It can be easily checked that

jwA TwA

lim d-w,z) "dw=in and lim [ “—d(-—w,z)"dw =0
e—0+ h w e—0+ Iy w

for A<0, zeD, and m > 1. We conclude that
Vi f,)(2) = =f,,(2){1 + 2Res(w,)} ,
m

where by Res(w,) we have denoted the residue of (e“w Jw)yd(—w,z)” " at
w = w, . By definition

1 dm—l { (w _ wo)me:}lw }

Res(w,) =

2i 1"
(m—l)!dwm_l Wd(—w,Z)m w=w0= [1_2] am—l(z)’
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where a, _(z) indicates the (m — 1)th Taylor coefficient of ™ /w expanded
near w,. It is routine to check now that

iAwg m—1 , .4 \k m—1—k
=G S G ]

In conclusion, using (3.4), we have that

(E,01,)2) = =1(2) | 12 ]m':‘:'( [1]m—l_k=e2u“_z)wm(/1,z).

We now have only to observe that ¢**/!!7% = ¢ é (z). Q.E.D.

Corollary (3.6). Forany m > 1 andany A € (—o00,d] where 6 < —2(m—1), the
H”(D)-functions E »(4) S, have (up to an unimodular constant) as an inner and
singular part the function ,(z) and as an outer part the function e’lwm(l ,Z).

Proof. Using Theorem (3.5)(iii) and the well-known fact that ¢,(z) is inner
(and singular following [15]) we have the first part of the stated result. It will
suffice therefore to show w, (4,z) € H P(D) and outer. The former is a direct

result of Lemma (3.1)(a) and the definition of w,(4,z). The latter will be
demonstrated if, based on Lemma (2.5), we show that w,(4,z) # 0 in D and

w, (4, z)_l € H'(D) for some r > 0, whenever —oo < A < §. Rewrite now

w,(4,2) as f(2)p,(4,2),

m—1 k
ol 2)= Yo 21—y
k=0 '

We will show ¢, (4, z) hasno zerosin D (actually in D, whenever A € B, =
(o0, =2(m—1)).

For m = 1 it is trivially true and we assume thus m > 2; we appeal to
Rouche’s theorem using as domain the disk of radius R, R > 1, and as simple
closed curve in this domain the unit circle 0D . Set —2A=ux>0 and |[1-z|=a
and observe that 0 < a < 2 on 8D. By induction it is easy to check the
following (stronger) inequality

(see [16, Corollary (1.1.19)] for details). We can see now that working with
|zl =1+¢, 0 < e < R-1, as the simple closed curve in Rouche’s theorem
we can derive an analogous result, namely ¢, (4,z) # 0 inside |z| < 1+, for
—00 < A< =2(m-1)-1(e), where 7(¢) — 0" as ¢ — 0" . (The proof can be
repeated verbatim as before, observing that e <a<2-¢ on |z|]=1+¢). In
conclusion ¢, (4,z)# 0 in D for —co < 4 < 6. Rewrite once more w,(4,2)

m—1

u
m for A'EBm—l

w-|“:
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as f,(z)¢,(4,z) with

Evidently ¢, (4,z) #0 in D for A€ B,,_, . Notice also that

lim ¢, (4, z) +oo, forany z,€dD,

z—2p,2€D

and thus ¢, (4, z)"' € H*(D). Hence it will suffice to show that fm(z)-1 €
H'(D) for some r > 0 which, by Lemma (2.4), is now trivial.

Corollary (3.7). For A <0 we have EP(A)H"(D) = CA(Z)HP(D).
Proof. This result was obtained already in [2, Theorem (5.1(i))] by a differ-

ent approach (use of multiplier operators theory and Fourier transforms on
L2(R) ). We can derive in a straightforward way the same result by means of
our representation in (iii) of Theorem (3.5) and by use of Lemma (3.1). It
will be enough to show E (1)Y = £,(2)Y for A < 0. By Theorem (3.5)(iii)
we have E p(l)Y C ¢,(2)Y. To show the reverse inclusion it will suffice to
demonstrate Vm € N the existence of a g(z) € Y (depending on m ): such
that (E,(4)g)(z) = ¢.(2)f,(z), VzeD.
We seek thus b, ,b,, ... ,b, € C such that

Zb JAS)(2) =& (2)f,(z) VzeD,

which by use of Theorem (3.5)(iii), leads to the system (%)

=24, (=2

byt byt (m—l)!bm‘o'
(%) R
et b, =

Clearly the determinant of the coefficients is et # 0 and we are done.
Concluding remarks on Theorem (3.5). (1) Since

m—1 k
1 [ =24 A -1
2w 2 e wm e,

we can conclude (Ep(/l)fm)(z)/fm(z) — 1 as m — 400, uniformly on compact
subsets of D, for any fixed 4 € R. Combining this remark with the norm-
denseness of Y one could determine the behavior of E ,(4) when it acts upon
any H”(D)-function which is sufficiently “close” to a “large” degree polynomial
in zeD.

(2) Using Theorem (3.5) in the Hilbert space case of p = 2, we can recapture

some known results about the action of E,(4) upon the H 2 functions (see e.g.
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[22, Theorem (1)]). In addition, for the standard basis {z": n > 0} one has
for A<0.

E,(A)z" = E /I)Z [ ](l—z)

n J .
=& (2) Z( 1) [ ]Z%(l — ).
j=0 )
We can thus have a [mean’] description of (E,(A)f)(z) forany f € H*(D) if
we are given its Taylor expansion around z =0.

It was shown in [2] that under the natural isometry between H”(D) and
H?(R) the projections E p(/l) correspond to the partial sum-operators of M.
Riesz restricted from L?(R) to H?(R). The next theorem will provide the
HP (D) version, for 1 < p < 2, of these partial sum-operators:

Theorem (3.8). For A <0 and 1< p <2 we have that

E,A)(1-2)" =e¢,(z Zc Z( 1) [ ] Wpo1ix(Ao2) [in mean”]

where m > 0,c,=1,c, =a(a+1)---(a+n—1)/n!for n>1land a=1-2/p.
Proof. If p = 2 the above formula agrees with the formula in the latest Re-
mark (2). We therefore restrict oursleves to p € (1,2). (Notice also that for
p # 2,2 <0, the elementary residual approach of Theorem (3.5) is inadequate
since the integrands involved there have a singularity of noninteger order in
the LHP.) We first realize (1 — z)” as an H’-limit of elements in Y. We
write (1-2)" = f,.,(2)f,(z)"'. We know already that f,  (z) € H"(D)
and we can easily check that fl(z)_1 is analytic in D and its derivative,
(1-2/p)f,(z)”", isin H'(D) by Lemma (2.4). By Theorem (3.11) in [12]
we conclude that fl(z)_l is continuous on D and absolutely continuous on
OD. In particular f (z)_l is continuous and of bounded variation on 4D . By
Fejer’s theorem (see e.g. [17]) and a Tauberian theorem of Hardy [17, 11.2.2]
we conclude that the Fourier series of fz(z)_l converges uniformly to it on
6D (in fact absolutely on 9D by virture of Hardy’s inequality, see e.g. [12,
p. 48]. But the Fourier coefficients of the boundary function f (e“g)_l coin-
cide with the Taylor coefficients of f (z)_l and are easily found to be ¢, = 1
and ¢, (a(a+ 1)-- (a+n —1))/n! for n > 1 with a =1-2/p. Thus the
partial sums En -0 "z converge uniformly on 9D to f,(z)_l ,as N — +oo,
and therefore multiplication by f, . (z) provides [mean”] convergence.

Applying now the projection E ,(4), 4 >0, termwise and factoring out

eiél(z) (which does not alter the convergence since ¢,(z) is inner) we arrive
after simple manipulations, by use of the formula (iii) of Theorem (3.5), at the
stated result.
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Remarks. (1) It is immediate now that the concluding remark (2) on Theo-
rem (3.5) can be extended to any H”(D) function for 1< p <2.

(2) The method of the proof of Theorem (3.8) is evidently not applicable
for 1 < p < +00. We can however capture the action of Ep(/l) , A<0, on
the constant functions in H”(D), even for the unnatural range 2 < p < 3, by
writing 1 = fl(z)_lfl(z); the left factor is in H”(D) and the right factor has
an H 1(D) derivative. Thus we only need now to set m = 0 in the proof of
Theorem (3.8) to find (F p(l)eo)(z) , €y(z) = 1. (It seems as a rather interesting
question extending Theorem (3.8) to the whole range 1 < p < +00.)

We conclude this section with an application of Theorem (3.8) in the case
of the “F. Riesz-B. Nagy operators”, Q, , (defined below) on H P(D); we need
first to present some concepts and facts that we use later in Corollary (3.10).

Definition. An operator U on a Banach space X is called trigonometrically
well-bounded if it can be expressed by

U=¢0)+ / e de(4)  (as strong limit of Stieltjes sums),
J[0,2n]

for some spectral family ¢(-) concentrated on [0,27] (ie. ¢(A) =0 if A <0

and e(A) =1 if A>2m).

We can always arrange €((2n)—) = I and then &(-) is uniquely determined.

Definition. An operator U on X is called power-bounded if it is invertible and
sup{||U"||: n € Z} < 400.

A very crucial fact about a power-bounded operator U on a UMD space is
that any such operator is trigonometrically well-bounded [5, Theorem (4.5)]. In
particular in our context of surjective isometries on H”(D) (and on H” (Tz) as
well) it is automatic that we deal with trigonometrically well-bounded operators.
We thus can formulate in our context all the results concerning trigonometri-
cally well-bounded operators of [4], and in particular the result of [4, Proposi-
tion (2.15)] as follows:

Lemma (3.9). If U is a surjective isometry on H”(D),1 < p+ o0, then there is
a unique (bounded) operator in H”(D), A, such that U = e, a(A) C[0,2n]
and 2n ¢ 0 ,(A). (In fact A is a well-bounded operator of type (B), that is,
there is some compact interval [a,b] and a (unique) spectral family e(-) in
H? (D) concentrated on [a,b], such that A = ae(a) + f[a ‘blla’s(/l) J)

Definition. We define the F. Riesz-B. Nagy operators Q, ,n € Z, in H ’(D) by

1 . )
an/ eZmntVre—ttA.dt
0

(as strong limit of Riemann sums), where {V,}, ¢ € R, is the standard parabolic
isometric group on H”(D), and A, is the “normalized” logarithm of V, as
defined in Lemma (3.9).
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Remark. The operators Q, exist in a more general Banach space setting (see
e.g. [1, (4.20) or 20]).

Corollary (3.10). For the operators Q, ,n € Z, as defined above, we have

(i) Q,=0 for n<0;

(ii) @, = E (-2n(n—1))-E (2nn) for n > 1, where E () is the Stone-type
spectral family of {V,} ,t € R.

Proof. (i) According to (3.5), in [2] for all 4 € R we have

[A)-1
(3.11) E,2nl)= Y P, +Pue,2n(A-[4]),

n=—0oo

where P, = Q_,, ¢,(-) is the spectral family of 4, and [4] indicates the
integer-part of 4. But it was also shown in [16, Lemma (II, 1.5) and Remark (2)]
that if 8,0(-) denotes the spectral family of A, , the “normalized” logarithm of
V., (presented in Lemma (3.9)), then ¢, (1) = ¢, (A-) for 0 < 41 < 2n. In
particular for A =0 and ¢, =1 we have ¢,(0) =¢(0-) =lim,_, , ;& (4) =0
since ¢,(-) is concentrated on [0,2x]. By Theorem (3.5)(ii) E,(0) =/ and

thus (3.11) reduces to I = Z"_ P, (all these sums are interpreted in the
strong operator topology). But from the general theory Zn__oo P =1 and

thus we conclude Zn:O P = 0. Since in general P, m € Z, are projections
such that P P, = P P = 0 for m # n, we automatically have P, = 0 for
n>0.

(i1) Using again (3.11) for A= -1, -2, ..., —n we see, after “telescoping”,

Q,=P_,=E (-2n(n-1)) - E (-2nn), n>1.

(Notice that (ii) is trivially true for n < 0 also, by (i) and Theorem (3.5)(ii)
combined.)

Remark. In light of our results in Theorem (3.5) and Theorem (3.8) we see
now that we can describe concretely Q, |, , and in particular for 1 < p <2 we
can describe (Q,f)(z) € H?(D), for any n € Z, if we are given the Taylor
coefficients (around z =0) of f(z) € H?(D).

2
4. SPECTRAL DECOMPOSITIONS OF ISOMETRIC GROUPS ON H”(T"),1 < p < +o0

Definition (4.1). H” (Tz) is defined as the subspace of complex L” (Tz) consist-
ing of those functions whose double Fourier coefficients €k vanish if (k,j) ¢
{(m,n):n>1}U{(m,0): m > 0}.

Definition (4.2). We denote by Z” the closure of the polynomials in z, by A}
the closure of the polynomials in z{",z;,m >0 and n > 1, and by A} the
closure of the polynomials in z; "z ,m > 1,n > 1, all considered in L”(du),

where du is the normalized Haar measure on the torus T .
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Let now Q » be the set of all strongly continuous one-parameter group of
isometries on H’ (Tz) such that {7,|,,},t € R, is not continuous in the uni-
form operator topology. (This last stipulation on {7,} is necessary to us in order
to avoid descriptions widely different from the ones already used on H”(D) in
§2.) In case p = 2 we require, in addition, that each 7, has the representation

(Tf)(z,,2,) = a{qp/(zl)}l/zf((o(zl) ,0(z,)z,) foraa. (z,,z,)€ T ,

where a € T, ¢ is a Mobius transformation of D and o: T — T is measurable
(see [8] for details).
The next theorem combines results contained in [8].

Theorem. Let {T,} € Q P Then thereare p € R, {9,}, t € R, a one-parameter
group of Mébius transformations of D, and a one-parameter family {0} ,t €
R, of unimodular measurable functions on T (with each o, determined up to
equality a.e.) such that

M) (T,1)(z,.2,) = € {02} " (9,(2,) . 0,(2))2,) for L €R, f € H(T?)
and aa. (z,,z,) € T?;

(i) o,,,(z) =0,(9,(2))o,(z) for t,s€R andaa z€T,

(iii) ¢t — o, is continuous R — L”(T).
Conversely if {a,} is defined as above (and (ii) and (iii) hold) and p € R and
{p,} .t €R, is a Mébius group on D then (i) defines a group {T,} € Q,.

We will call {7} € Q parabolic or hyperbolic according to the correspond-
ing classification of {¢,},¢ € R, given in Proposition (2.1).

Remarks. (1) In our calculations for reasons that later become clear we can
assume WLOG p = 0. As it was shown in [8, Theorem (2.6)] for each {7,} €
Q , We have a unimodular measurable function #: T — T such that, for each
teR, o,(z)=u(p,(z))u(z) foraa. a€T.

(2) Following [8], if U indicates the isometry on H” (T2) given by

(Uf)(Zl 122) = f(zl ,u(zl)zz)
and if we set §, = UT,U‘l then

(S,f(z,,2,)) = {0z} f(9,(2,) . 2,)

for f € H”(TZ) anda.a. (z,,z,) € T?. In conclusion the study of {7,},7 €R,
reduces to the study of {S,},7 € R, and working as in Lemma (2.3) we can
consider WLOG the conformal group {¢,} tobe {n,} (resp. {y,}), t € R, for
the parabolic (resp. hyperbolic) case. We will denote the corresponding group
by {K,} (resp. {)~’,} ), t € R. Thus we will have always the following pointwise

description:

V )z, .2) = {ny(z, . 2)} " f(n(2)  2,)
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(resp. (Y, f)(z,.2,) = {¥,(z,. 2} /" f(y,(2)) ., 2,)), for f € H"(T*) and a.a.
(z,,2,) €T,

From now on we will also fix the notation E ,() (resp. F (-))to indicate the
Stone-type spectral family of {V',} (resp. {Y,}), t€ R, and V, (resp. Y,),
A € R, to indicate the corresponging limit-opgrator as defined in :l'heorem (37.3);
the existence of V, (resp. Y, ) in H? (Tz) has been already discussed in a more

general setting on a UMD space and the formulae, the corresponding to the ones
used in the proof of Theorem (3.3), in this new context are given by

43) V,=E, Q) +E,A~)~1 (resp.Y,=F (A)+F,(2-)~1I),

~

@4 E,W)=I1+(V,- gﬁ) (resp. F,(2) =1+ (Y, — Y?))
for all A € R. (Once again the dependence of L/a (resp. Zl) on p was
supressed for notational convenience.)

It is important, at this point, to note that the lexicographic order of the
(m , n)-half plane in Definition (4.1) is not symmeetric in (z,, z,). This lack
of symmetry does not allow a verbatim reproduction of the results of Theorem
(3.5). On the other hand in [16, Lemma (III, 1.2) and Theorem (III, 1.23)],
employing (4.4) and contour integration, we were able to demonstrate the in-
volutive character of V, for A > 0 and to study the Hilbert case E,(AH 2(TZ)
for A € R. (The use of (4.4) besides the many technicalities that it pro-
duced, required at some stage extending—in the standard way— K, and K , on

L? (Tz) .) We can generalize the above results of [16] by appealing to (4.3) and
Lemma (3.2), after we introduce the following two lemmas; the first will provide
us with a suitable “decomposition” of H” (T2 ) (the analog to Lemma (3.1)(b)
for H?(D)), and the second will guarantee the (left) strong continuity of E (4)

and F p(,l) for A € R, a result which will make (4.3) easy to utilize.

Lemma (4.5). For 2", A", \Y the subspaces of L”(du) defined in (4.2) we
have H? (T2) =Z" & Nl @ N}, where & indicates direct sum.

Proof. In [19] it was proved that H”(T?) = Z°’ @\’ was the L”(du)-closure of
sp{z]'zy ,m € Z,n € N}. It is evident now that sp{z|"z; . m € Z,n € N} =
S’ ®©S; where S] =sp{z|'z, meZ,neN} and Szp =sp{z, "'z, . m,n, €
N}. If we use the left to right lexicographic ordering of Z x Z the S7,S;
are spans of positive characters. It follows from Bochner’s generalization of
M. Riesz’s theorem on conjugate harmonic functions (see e.g. [3]) that A” C

A’ @\ c H?(T?) and thus A” = A’@A?. QED.

Remark. 1t is evident that Z” can be “identified” with H”(T) so that, by
Lemma (4.5), H”(T?) can be “identified” with H*(T)® A’ @ AL .



ONE-PARAMETER GROUPS OF ISOMETRIES 161

Lemma (4.6). Let {V} (resp. {Y,}) be the standard parabolic (resp. hyperbolic)

isometric group on H? (Tz) ,1 < p < +o0o. Then the infinitesimal generator G
of {V,} (resp. {Y,} ) has no point-spectrum.
Proof. Since {V,} and {Y,} are uniformly bounded groups then 0,(G) C IR,

for each case (see e.g. [10]).
(1) For the parabolic case we know that

(V. )z, . 2y) = {2z} £ (n(2))z,)

for f € H?(T?) and a.a. (z,,z,) € T>. Then if A€ R and f(e”,z,) is in
the null-space of G — iAl we have, by [8, Theorem (3.17)], for a.a. z, € T

(4.7 i/lf(em ,Z,) = —ieieq(eie);gf(eie . Zy) + %q’(eiof(eia 1 Zy)

fora.a. z, = ¢’ € T. In our case it is easy to check that q(z) = 4(z - 1)2 for

z € C and that for a.a. z, € T (4.7) holds for a.a. z; € T when fe", ;)
is absolutely continuous on each closed subinterval of (0,2r). Notice also
that for any such z, we have on each [¢,2n —¢], ¢ > 0 sufficiently small, a
continuous function that equals (d/d6)f (eie ,z,) for a.a. 6. Hence for such
a z, the absolute continuity in 6 of f (e'ﬁ , Z,) implies that (4.7) holds for all
0e(0,2n).

Following an idea from [6, Theorem (2.7)], we seek an integrating factor
for (4.7) as follows: let F(z,) = (z, — 1)*"/?7e*® =Y on T — {1}. Thus
F(z,)q(z,) = 4(z, = 1)?7e*/""*) for z € T\{1} and after multiplying (4.7)
by F it is straightforward to verify that, for fixed z, € T

. —ig d _
—lie @(qu) =0.
Thus Fgqf = constant depending on z,, ie. f(z,,z,) = q(z,)/F(z,)q(z,).

But f € L?(T?) and so far a.a. z, € T we have that

8(z,) P <d9)
—2272 P (2.
F(z))q(z,) 2n
On the other hand |[1/f(z,)q(z,)| = 2¢*|1 — z,|™*/” ¢ L”(d9/2n), hence

g(z,) =0 fora.a. a, € T. This shows f =0 foraa. (z,,z,) € T .
(ii) For the hyperbolic group {1’,} , associated with

wi(z)=(-1-z)/(1+z))/€-1-2z)/(1+2)),

and for f (eie,zz) an eigenfunction in H” (TZ) of G we have, again by [8,
Theorem (3.17)], fora.a. z, €T

4

i6
)76

(4.8) —ie"q(e”) = f (e z,) + %q'(em z) =idf(e'?,z,),
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forall 6 ee,m —e]lU[n +¢,2n —¢€], ¢ > 0, sufficiently small. Here we can
easily check that ¢(z) = (1 — 22) for z € C. We now take

F(z) = (z;+ )"z, - pyl/or!

for z, e T\{-1, 1}. Working with (4.8) as with (4.7), we obtain g (z,) (resp.
8,(z,)) on T such that fora.a. z, €T

gl(zz) ( gz(zz) ) 6

Z,,Z,) = et resp. Z,,Zy) = el for =e
Fzen) = oGy P /E02) = 5 iz i

with 0 < @ <7 (resp. m < 0 < 2m). But here

—IA iA
F(z))a(z,) = =4z, + D"z, - )/

and thus we have

.
F(z))q(z))
where ¢ > 0, so that |1/F(z,)q(z,)| ¢ L”(d6/2n) and thus 1/F(z,)q(z,) ¢
L?((0,n)) (resp. ¢ LP((m,2m))). It follows that g(z,) =0 (and g,(z,) =0)
fora.a. z, € T. Hence f(z,,z,) =0 foraa. (z,,z,) € T. Q.E.D.

>clz, + 1))z, - 117,

We are ready now to state the main theorem of this section:

Theorem (4.9). Let {V,} (resp. {Y,}), t €R, be the standard parabolic (resp.
hyperbolic) isometric group on H? (Tz) ,1 < p<+oo. Then

(i) The Stone-type spectral family E (1) (resp. F (4)) of {V,} (resp. {Y})
is strongly continuous on R

(ii) E,(4) =3I + V,) (resp. F (1) = 1(I+7Y,)) forany A€R;

(i) V, (resp. Y,) in involutive in H”(Tz) forany A € R and any p €
(1, +00).

Proof. (i) Combine Lemma (3.2) and Lemma (4.6) to get E (A) = E (A-)
(resp. F () = F (A-)) for any A € R. By definition E (1) = E (A+) (resp.
F ()= Fp(,Lr ) forany A€ R. Q.E.D.

(i1) Use (i) combined with (4.3).

(iii) Combine (ii) and the fact that Ep(/l) (resp. F ,(A)) is a projection in
H”(T?), for any A€ R, to get Ki =1 (resp. )N’i =1) forany A €R.
Remarks. As mentioned before in an elementary way [16] we have demon-
strated the involutive character of V', for A > 0. Working in a similar fashion

and by use of elementary contour integration techniques we could arrive at the
same result for 4 < 0. Then the fact that Vf = I for any A € R coupled with
(4.3) provides an elementary proof of the strong continuity of E (1) on R. It

is not at all clear that this result, although naturally expected, could have been
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addressed within the context of translation groups’ theory (as its counterpart
in H”(D)). The hyperbolic case, on the other hand, we have not been able to
address in a similar straightforward way (i.e. without appealing to Lemma (3.2)
and Lemma (4.6)).

We conclude this paper with a description of the action of E p(,l) ,A€ER, on

the various components of H” (Tz) (described in Lemma (4.5)), as a corollary
to Theorem (4.9)(ii). Special emphasis is given on E,(4),4 € R, for which
although in the context of Hilbert spaces, very little was known about its be-
havior.

Corollary (4.10). The following are true:
i) Ep(,l)lzp@/\{, = Izpea,\f for >0,1< p<+oo;
(i1)

E,(A)(z;"2})

-m n - m-—2 -2 @ V4 a
=z z,{l—e Afm(zl)él(zl) Z [ B /p] ( a') [ﬁ] +
0<a+p<m-—1 ' 1
a>0,8>0
for m>1,n>1,A>0 and a.a (zl,zz)eTZ;
(iii) E,(4)[,: =0 for A< 0;
(V) Ex(W()'23) = 25%,(2) Togyuagmn (<1 7] 551 = 2)" 70
720,620
Jor m>0,n>0,A<0 and aa. (z, ,zz)eTz.

Proof. (Notice that the definitions of f (z) and ¢;(z) given in §3 are still
meaningful on T\{1} and, as such, were employed in this corollary.)

(i) The result V, =1, A > 0, of Theorem (3.5)(i) and the “identification”
between Z” and H’(T), coupled with the mean convergence theorem (see e.g.
[12]) implies L/A|z:' =1I|,, for A> 0. Then we make use of Theorem (4.9)(ii)
and we are done with the Z” component. We thus need only to demonstrate
now Kll/\f = II/\f’ for A > 0; it will suffice evidently to show b(z:"z;') =1zz,
for m>0,n>1 and 1>0.

We will employ the same contour, & in the UHP as in the proof of Theo-
rem (3.5)(i). We can easily see that

iAt i m

z, — (1l =2zt
@) v =y = tm L [ AR,
~ ~ e—0+ ITT e<lt|1/e t (1_%(1_21)1) 14

foraa. (z,,z,)) € T (in particular consider z, # 1). Observe also that the
equation 1 - 5(1 -z )w =0, for given z, € T\{1}, solved in C has the root
w =w, =2/i(l -z) and Imw, = -1, so that w, ¢ UHP. In addition
it is easy to check that 1 — 5(1 -z, )w ¢ {{: Re{ <0 and Im{ = 0}. In
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conclusion the expression {1 — £(1 — zl)w}m+2/ " is well defined as its usual

analytic branch for w in the UHP and its boundary. Using now

zlw _l _ m
/ (z -z)o)”
F W 1—z)w)'"+ I

and proceeding as in Theorem (3.5)(1), we see that the integral in (4.11) can be
evaluated as follows:

lim L e (z,— (1 - z)w)"

im — — 377
e—0+ I J 1 u, t (1- 2(1 l)[)
1 .

=-‘_{m - e’”(zl—%(l—z,)w)'"}zzm

lwl=e—0+ (1 — %(1 _ Zl))w)m+2/p 1

for m >0. Q.E.D.

(ii) Working as in (i) we see that (1 — £(1 — zl)w)mz/ P has a well-defined
analytic branch in the UHP and its boundary, the equation z, — %(1 -z)w=0
has a root w, = 2z,/i(1 — z,) € UHP since Imw, =1, and that

iAt j m—2/p
- 1-4%(1-
(4.12) v,z "z} lim i/ e _! 2(,. Y,
~ LUl t (Zl_i(l_zl)w)
Evidently w, is a pole of the integrand of (4.12) of multiplicity m . We thus
have
(4.13)

_ 1 _ i (1 = £(1 = 2 )w)™ /P
"zl " {in lim e"lw( 2( Jw)
|w|=e—0+

V,{(Zl ZZ)=ZZE (Zl_%(l_zl)w)m

~

+0+ 27riRes(zl)}

which implies V(27" 2}) = z; " z) + 2z} Res(z)) foraa. (z,,2,) € T?, where
by Res(z,) we denote the residue of
™ (1 - 41— z)w)" /P
w (z, - 31— z)w)”

at w = w,. By definition now and after elementary manipulations (see [16,
pp. 55-56] for details) we get

2i
1-z

(4.14) Res(z)) = [ l]mam_n(z)»

where a, _(z) is the (m — 1) th Taylor coefficient of

iAw . m=2/p
f(w) = (fw—> (1 - %(1 - zl)w)

expanded near w = w, . Observe next that

1 - %(1 '—Zl)w = (1 _21) (1 - %(w—wZ))
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and that each factor has a positive real part when Imw >0, z, € T\{1}. Thus

IA(w—w,) . m—2/p
@1s) )= (1 S mwy))

Expanding the functions of w involved in (4.15) near w, and after collecting
the coefficients of (w — wz)k for k=0,1,2,... we conclude that

(4.16)
a,_,(z))
l(l_z) 2“2[ 22| m-=2 l}-a m—2 —1)'
— 5 leA/ (l_zl) /p Z ( ') [ /p] (p)y
2 a+f+y=m—1 o B (Zi) W,
20,420,720

Combining (4.13), (4.14) and (4.16) we obtain the stated result.

(ili) For p =2 and A < 0 we simply employ the contour & (travelled c.w.)
in the LHP, as it was used in the proof of Theorem (3.5)(iii). By definition
of /\§ it will suffice to show E,(2)(z;"z;) = 0 for m > 1,n > 1 and aa.

(z,.2,) € T or, using Theorem (4.9)(ii), Vi(z,"z)) = —z]'z) for m >

1,n>1 and a.a. (z,,2z,) € T. Working as before we have that

At j m—1

. 1—-45(1—-2z)t

"zy) =z, lim L/ e | 2(1. z)0) — dt
non bo(z) = 3(1=2z))1)

e—0+ IT
and the integrand in (4.17) can be calculated directly now since the only pole
in {weC: Imw <0} isat w =0. Thus (4.17) implies

(4.17) Vizy

eilw(l - é(l - Zl)w)m—l

. +0=0
5(1=z)w)"

4.1 iV (z; " zy) + zyin i
(4.18) inV,(z, 22)+22ms=|u1;|120+ =

which leads to wal(zl_ng) =-z;"z; QE.D.

(iv) E,(W(z'2}) = Z5E,()Z] = ZE,MITi o= [7] fin(2)] =
z; Z,’(":O(—l)k [¥] E;(A)f,,,(2,) and we appeal now to Theorem (3.5)(iii) with
p =2 and allowing z — z, for z€ D and z, € T\{1}.

Remarks. (1) From (4.13) we can see now that Ep(,l) # I forany 4 > 0,

behavior drastically different from the behavior of its counterpart on H” (D).
(2) We could arrive at (iv) of Corollary (4.10) using contour integration as
in (i).
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